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Abstract— Game-theoretic inverse learning is the problem
of inferring the players’ objectives from their actions. We
formulate an inverse learning problem in a Stackelberg game
between a leader and a follower, where each player’s action
is the trajectory of a dynamical system. We propose an active
inverse learning method for the leader to infer which hypothesis
among a finite set of candidates describes the follower’s objec-
tive function. Instead of using passively observed trajectories
like existing methods, the proposed method actively maximizes
the differences in the follower’s trajectories under different
hypotheses to accelerate the leader’s inference. We demonstrate
the proposed method in a receding-horizon repeated trajectory
game. Compared with uniformly random inputs, the leader
inputs provided by the proposed method accelerate the conver-
gence of the probability of different hypotheses conditioned on
the follower’s trajectory by orders of magnitude.

I. INTRODUCTION

Learning to predict human behavior is a critical challenge
in human-robot interaction. It enables robots to customize
their strategies in various applications, including assisted
driving [1], [2], traffic management [3], [4], and, in general,
mitigating conflicts in human-in-the-loop robotic systems.

Game-theoretic inverse learning helps robots explain and
predict human behavior in noncooperative interactions [5],
[6], [71, [8], [9], [10], [11], [3]. The idea is to first model
humans’ objectives as parameterized functions, then infer
the parameter value such that the corresponding game-
theoretic strategies—such as Nash or Stackelberg equilibrium
strategies—match the humans’ actions in a dataset. Game-
theoretic inverse learning is a necessary step in understand-
ing human-robot interactions [12], [13], [3] and designing
incentives for multiagent systems [14], [15].

The existing game-theoretic inverse learning methods are
passive, which can be data inefficient. In particular, these
methods record the dataset of human actions before and
independently of the inference process. Hence some actions
in the recorded dataset can be uninformative for inference
purposes, or simply redundant. As a result, passive inverse
learning lacks the data efficiency to enable rapid inference
and support online real-time decision-making.

In contrast to passive inverse learning, active inverse learn-
ing helps robots to infer human intentions in cooperative in-
teractions by actively provoking informative human actions.
For example, when learning objectives that explain human’s
ranking or rating of presented options, active inverse learning
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methods first provoke informative human actions and record
them in the dataset, then infer the human’s objective function,
and repeat this process if necessary [16], [17], [18], [19],
[20]. These methods ensure that the human’s actions are
informative by maximizing the volume removed from the
hypothesis space [18], [21], [22], [23], [24], [25] or by
maximizing the information gain [26], [27], [4], [28], [29],
[30]. By integrating dataset updates with inference, active
inverse learning provides practical solutions for inferring
human intentions from limited interactions.

Despite its successes, active inverse learning still requires
investigation in noncooperative interactions. The existing
active inverse learning methods rely on querying humans
who volunteer informative responses. In contrast, humans in
noncooperative interactions only take actions that optimize
their own objectives. Therefore, how to provoke informative
actions from noncooperative humans that reveal their objec-
tives is, to our best knowledge, still an open question.

We formulate an inverse learning problem in a Stackelberg
game where a rational leader, such as a robot, is inferring
which hypothesis among finitely many candidates best ex-
plains the behavior of a boundedly rational follower, such
as a human. This problem is particularly relevant in shared
autonomy, e.g., when an autopilot is inferring the type of
a newly encountered human driver. We model each player’s
action as the trajectory of a linear time-invariant system. The
follower tracks a linear function of the leader’s trajectory—
similar to how a human driver tracks the trajectory recom-
mended by an autopilot—using a maximum-entropy linear
quadratic regulator—which contains a parameterized objec-
tive function—that models bounded rationality in human
decision-making [3]. The leader determines which hypothesis
is most likely using the probability of each hypothesis
conditioned on the follower’s state trajectory.

We propose an active inverse learning method to provoke
informative trajectories from the follower by optimizing the
leader’s inputs. In this optimization, we maximize the differ-
ences in the follower’s trajectory distributions under different
hypotheses. We show that this optimization is a difference-of-
convex program [31], which can be solved efficiently via the
convex-concave procedure [32]. We evaluate the performance
of the proposed method in a receding-horizon repeated
trajectory game. Compared with random inputs, the leader
inputs provided by our method accelerate the convergence
of the probability of different hypotheses conditioned on the
follower’s trajectory by orders of magnitude.

Notation: We let R, R>(, and N denote the set of real, non-
negative real numbers, and nonnegative integers, respectively.
We let ST, and ST, denote the set of n by n symmetric



positive semidefinite and positive definite matrices, respec-

tively. For any = € R", we let ||z]| = VaTz, |z, =
Szl |zl = maxicicn |2, and [lz]% = 2T Az

for all A € S{,. We let 0,, denote the n-dimensional zero
vector; I, and 0, denote the n by n identity and zero
matrix, respectively. We let A(u,X) denote the Gaussian
distribution with mean p € R™ and variance ¥ € ST,
Given nj,ne € N, we let [n1,na] denote the set of integers
between ny and ns. Given a; € R” for all 1 € N, we let
aij = [a] al aﬂT for all i < j, 4,5 € N.
II. LINEAR QUADRATIC STACKELBERG TRAJECTORY
GAMES

We introduce a Stackelberg game between a rational
leader, such as a robot, and a boundedly rational follower,
such as a human with noisy behavior. The players’ actions
are trajectories of stochastic linear time-invariant systems.

A. The dynamics of the players’ systems

We assume that the leader’s state evolves according to the
following discrete-time linear time-invariant dynamics:

wiyy = Ay + Bruy +wy (1)

for all ¢ € N, where z} € R™, v} € R™, and w} € R*
are the state, input, and disturbance of the system at time
t € N, respectively; A® € R"*™ and B® € R™*™ are the
leader’s system parameters. Equation characterizes the
dynamics of many common robots, such as the kinematics
of rovers and drones.

Similarly, the follower’s state evolves according to the
following dynamics:

xf_,_l = A2} + B u + wj 2)

for all t € N, where z; € R™, uj € R™, and w; € R™
denote the state, input, and disturbance of the system at time
t € N, respectively; A¥ € R™*™ and B¥ € R™*™ are
the follower’s system parameters.

Throughout, we assume that the disturbance in the leader
and the follower’s systems are independent, identically dis-
tributed Gaussian vectors, i.e., there exists Q" € S} and
QF € ST such that, for any ¢t € N, we have

wy ~ N (0, ,08), w; ~ N(0,,,Q"). 3)

B. The players’ objectives

We assume that the follower’s objective is to track a linear
function of the leader’s trajectory. In particular, we let M¥ €
R™ *". denote a matrix that maps the leader’s internal state
to an output reference observable to the follower. Let z..
denote a leader trajectory of length 7 € N. The follower’s
objective is to simultaneously track the corresponding out-
put trajectory {MFz§, M¥x}, ..., MT22} and minimize its
input efforts.

We assume that the follower is boundedly rational and
chooses its input according to the maximum entropy princi-
ple, which states that the distribution of uf conditioned on
x% is Gaussian, i.e., u|zf ~ N(u, Xt) for some py € R™

and Xy € R™ [3]. In particular, (po.r—1, Xo.7—1) is optimal
for the following stochastic trajectory optimization problem:

2
SToE [§ llef - Mt}

#3370 (B [l ] - og et )

T = AT 4 BRul o, af = i,
uf |z ~ N (e, 3e), wi ~ N (0, ),
telo,7—1],

minimize
HO:7—1,250:7—1

subject to

“4)
where &{ € R is the initial state of the follower’s system,
E[-] denotes the expectation; QF € ST, and RF € S, are
the follower’s cost parameters. The objective function in op-
timization (@) captures boundedly rational human decisions:
it is noisy but centers around a cost-minimizing rational
decision.

The following proposition provides a closed-form formula
for the solution of optimization (4).

Proposition 1. Let

Pl =Q", P"=Q"+ (A")" P} | E], (5a)
F/ =B (R+ (B")"PEB")"1(B")T, (5b)
Ef = A" — FF P} AT, (5¢)
¢ = —Q"M"x7, qf = (B)) "qiyy — Q"M xf,  (5d)

forallt € [0,7—1]. Given x}..., (1t0:7—1, X0:7—1) is optimal
Sor optimization @) if and only if

¥, = (R" + (B")" P[,,B) 1,
Mt = _Et(BF)T<PtF+1 FxtF + qf+1)-

for all t € [0,7 — 1]. Furthermore, if the constraints in (@)
hold, then z} ~ N (&, As) for all t € [0, 7], where

(6a)
(6b)

£t+1 = Efft - Fth£‘+1, (7a)

A1 = EJN(E])T + Ff +QF, (7b)
forallt € (0,7 — 1), with § = & and Ao = Oy xnyp--
Proof. See Appendix. O

The leader’s objective is to minimize a cost function that
jointly depends on the expected follower’s trajectory and the
leader’s trajectory. To this end, we assume that the leader
acts rationally and chooses its trajectory zf., as a solution
to the following trajectory optimization problem:

L L F L
minlmlze E[f(x027'7 xO:‘r)] + g(uO:‘r)

0:7—1
subject to  xy,, = Atwy + Brup +wy, x5 = I,

ri = ATxf + BYup +wyi, x5 = @,

wy ~ N (0, ,08), wE ~ N (0, ,Q5),

u € U; uﬂx? ~ N(Mtvzt)a le [077— - 1]7

(to:r—1, Xo:7—1) is optimal for (@),

®)

where :%I(j € R™ is the initial state of the leader’s system,
U C R™s is the set of feasible leader inputs at each
time. Furthermore, f : R(THDne x ROT+Dne 4 R s the
leader’s cost function that jointly depends on the leader’s
state trajectory zf., and the follower’s state trajectory . ;



g : R™ — R is a cost function that only depends on
the leader’s input trajectory. By choosing different functions
for f and g, optimization achieves different trade-offs
between optimizing the leader and the follower’s trajectory.

Problem (8] is a Stackelberg game, also known as a bilevel
optimization. See [33] and reference therein for a detailed
discussion on bilevel optimization.

ITI. ACTIVE INVERSE LEARNING VIA DIFFERENCE
MAXIMIZATION

Given the Stackelberg trajectory game introduced in Sec-
tion [l we now consider the case where the leader does
not know the parameter tuple (QF, R¥, MF) in the fol-
lower’s objective, except that it is one of finitely many
candidates. In other words, the leader knows that there

exist Q1,...,Q% € R *" Rl . R e R™*m and
MY, ... M e R™*"" guch that
(QFvRFaMF) = (QiaRi,Mi) )

for some ¢ € [1,d]. This case arises, for example, when
a robot already learned different types of human behavior
offline but needs to determine the type of a newly encoun-
tered human via online interaction. In the following, we let

F = (QF, R¥, M%) and 0° == (Q%, R, M?) forall i € [1,d].
We say that hypothesis i is true if (9) holds.

Based on a prior probability distribution of all hypotheses
that gives the value of P(0" = #*|zf) for all i € [1,d] and
the follower’s trajectory %, the leader can infer whether
hypothesis ¢ is more likely than hypothesis j to be true by
computing the following ratio:

P(0" = 0'|xt.,) _ P07 = 0'xp)P(af., |07 = 0°)

P(6F = 03[afy,)  P(6F = 03]ap)(ah., 0% = 69)
The ratio in being bigger than one implies that trajectory
xf.. is more likely to occur under hypothesis ¢ rather than
hypothesis j, and vice versa.

However, observing the follower’s trajectory can be un-
informative for the inference above if the trajectories under
different hypotheses are similar. For example, suppose that

P}, |67 = ) ~ P(al,6F = 6))  (1D)

~

(10)

for some ¢ # j, then (I0) implies that %
P (6 =6'|a7)

11’(6”79]\*) In other words, observing the follower’s ongoing
trajectory . _ does not help the leader distinguish hypothesis
i from j. In the following, we discuss how the leader
can actively avoid the scenarios where (II) happens by
making the follower’s trajectories under different hypotheses
as different as possible.

A. The follower’s trajectories under different hypotheses

To avoid the scenarios where happens, it suffices to
make the follower’s trajectory distributions under different
hypotheses as different as possible. To this end, we first take
a closer look at the follower’s trajectory. Proposition [I] shows
that the follower’s state at each time is a Gaussian random
variable. Particularly, let

= A" — F/P/ A", (12a)

F/ = B*(R" +(B")"P{,,B") (BT, (12b)
Pl=Q', P/ =Q"+ (A")" P, Ef, (120)
Ay = Onsnes Ay = BYAL(EY) T + F{+ Q7 (12d)
¢ = —Q'M'ak, qf = (B}) "qjy, —Q'M'zp,  (120)
&—%@m—E%+Emm (12f)

for all ¢ € [0, T — 1]. Proposition I implies that, if hypothesis
i is true, i.e., 8% = 0, then

zi ~ G = N(&, AL, (13)

To measure the differences between the trajectory distri-
bution under different hypotheses, we introduce a distance
function. To this end, let

D= {(,5)li <3, i,5 € [1,d]}.
A popular measure of the difference between two Gaussian
distributions is the KL-divergence. Given (i,j) € D and ¢ €

[1,7], let G and G/ be defined as in (T3). The KL-divergence
from gt to gt is as follows:

(14)

o 2
Drn(GilIG]) =3 & = &|| ,, ., — ™
() (15)
det A iN—1 A4
+ Llog (diA) +tr((AD) 1AL,
Notice that, since QF € SI, (I2) implies that A} € SI%, for

all t € [1,7] and k € [1,d]. However, KL divergence is not
symmetric, i.e., Dir1(G|G]) # Dxr(Gl||Gi). To define
a symmetric distance function, we propose the following
function

D(G,G]) = & — szwmA (16)
for all t € [1,7] and (i,j) € D. The intuition behind this
distance function is to first evaluate (up to a constant of 2,
for the convenience of notation) the sum of D1, (G;||G7) and
Dk 1.(G/]|G}), then remove the terms that are independent of
& and &/, which are, as suggested by (12)), independent of
the leader’s trajectory. Later, we use this function to optimize
the leader’s inputs.

B. Maximizing the worst-case pairwise distance

To avoid the scenarios where (II)) happens, we need to
maximize the value of the distance function in (T6) for any
(i,j) € D. To this end, define the following worst-case
distance function, which evaluates the minimum value of

function among all (¢, j) € D:
(zmln {Zt 1 ||§t gtH(Az) 14 AJ) 1}
= E Et 1 Hgt ftH (AH)=14(AD)—1

(i,5)€

T 2
— max Z Z: gkigl o - .
(iaj)ED {(k,l)ED\{(i,j)} t=1 H t t||(Ak)t 1+(Al)t 1
(17)

The second step in (I7) uses the fact that, given any
a, ..., o, € R, we have

min «o; =

nin oo — maX > ay.

i€[1,n] ic[l,n] JE[L,n],j#i



Notice that the distance in does not include the terms
for t = 0 since, due to (12), & = &) for all (i,5) € D.

Based on the worst-case distance in (17), we propose
to optimize the leader’s input trajectory ug.,_; via solving
optimization (I8) (see next page) instead of optimization (8},
where E!, F} and A! are given by (12). The idea of optimiza-
tion is to first approximate the leader’s state trajectory
xg., with its expectation, denoted by 7., which satisfies the
averaged dynamics 1,1 = A"n;+ B u}. This approximation
replaces the disturbance term wy in (8) with its most probable
estimation of its distribution N'(0,,, , Q), given by w; = 0,,, .
In addition, optimization replaces the E[f(z§.,, zf., )]
term in with the negative of the worst-case distance in
(T7). In particular, the constraints in (I8) imply that

[k el]]2

()eD {<k,1)eu§\:{<i,j>}; e gtH(Ak”I“Al)tl} ="
Since the objective function in (I8) is minimizing the value
of s, the above inequality holds as an equality at optimality.
Hence the objective function in (I8) is equivalent to the one
in (8) except that the E[f(«f.,, z5.,)] term in (8) is replaced
by the negative of the worst-case distance in (I7). The idea
of this replacement is to maximize the worst-case distance
in (T7), which ensures that the distance in (I6) is large for
any (i,7) € D.

Optimization is a difference-of-convex program:
all of its constraints are convex, but its objective function
is the difference between two convex functions [31]. A
popular solution method for difference-of-convex programs
is the convex-concave procedure, which guarantees global
convergence to a stationary point [34], and provides locally
optimal solutions in practice [32].

IV. NUMERICAL EXPERIMENTS

We empirically demonstrate our results using a receding-
horizon repeated trajectory game between a boundedly ra-
tional follower that controls one ground rover and a rational
leader that controls multiple ground rovers. The leader is
inferring which leading rover the follower is following. At
each time step, the players play a Stackelberg trajectory game
and implement only the first step of theire respective input
trajectories.

We define the game parameters as follows. We model
the dynamics of the following rover using an instance

Of ’ Where AF = O2><2 12 BF

O2x2 O2x2 | )

Jyexp (¢ 622 o2 ) at] %522 ], 0 = g as and 6 = 0.2
is the discretization step size. For the leader, we model the
joint dynamics of d € N ground rovers using the joint
dynamics of d double-integrators, where we let A* = [;®QA,

Bt = I, ® B, and Q* = —L-I,4.44. For the follower’s

exp (9]

1000 ‘
trajectory optimization in @), we let Q* = diag([1100]),
R = WIOIQ, and M' = [04><4(i—1) Iy 04x4(d—7:)] for
all ¢ € [1,d]. Without loss of generality, we assume

(QF, R, M¥) = (Q', R, M'). For the leader’s trajectory
optimization in (§), we let U := {u € R??| ||u|| _ < 2}, and
2

g(ubr 1) =t |ubyy — up]|”

We demonstrate the proposed learning methods using the
simulation of a receding-horizon repeated trajectory game.
At time td for some ¢ € N, the leader first observes its
current state T, and the follower’s current state T, then
solves optimization (I8) with 25 = Zy and Zf = 7 to
obtain the optimal input sequence ug.,_;. Next, the leader
simulates a state trajectory ., _; according to (I)) and shares
it with the follower, then applies uf. Meanwhile, at time
td, the follower observes its current state Z; and receives
the leader’s simulated trajectory zf... Next the follower
solves optimization @) with f = T, and obtain the optimal
mean and covariance sequences (f4.7—1, 20.7—1), and finally
samples u§ ~ N (1o, Xo) and applies uf to its system.

We simulate the players’ trajectories in this receding-
horizon repeated trajectory game, where we solve the leader’s
trajectory optimization (I8) using the convex-concave pro-
cedure [32]. Fig. [I] shows the position trajectories of the
leader’s rovers when d = 3 and d = 5. We can see that, to
make the follower’s trajectories under different hypotheses as
different as possible, optimization (I8)) ensures that different
leading rovers are moving in different directions.

We further showcase the advantage of the proposed
method in terms of distinguishing different hypotheses. To
this end, we let p* = [1 0 - O}T € R9 denote the
ground truth probability of all hypotheses (note that we
let (QF, RY, M) = (Q', R', M')). In addition, we let p’
denote the d-dimensional vector such that

pi =P((Q", R, M) = (Q", R", M")[75,)  (19)

for all ¢ € [1,d], where we let P((QF,R",M*) =
(Q, R', M")|z) == % for all i € [1,d], i.e., we choose the
uniform distribution as the leader’s prior distribution over
all hypotheses given the follower’s initial state. Notice that
one can compute p’ recursively using the Bayes rule. Fig.
shows the time history of the ¢;-norm distance between
pt and p*, and compare the results where the leader uses,
instead of the inputs optimal for optimization (I8)), inde-
pendent and identically distributed input sampled from the
uniform distribution over U. The results in Fig. 2] show that,
when compared with uniformly random inputs, the proposed
method provide leader inputs that reduce the difference
between p’ and p* by orders of magnitudes.

V. CONCLUSION

We formulated an inverse learning problem in a Stackel-
berg trajectory game, where the leader is inferring the type of
the follower’s cost function by observing its trajectories. We
proposed an active inverse learning method to accelerate the
leader inference by making the follower’s trajectories under
different hypotheses as different as possible. This method
accelerates the convergence of the probability of different
hypotheses by orders of magnitude when compared against
random inputs.

Howeyver, the current work still has limitations. For exam-
ple, it considers neither nonlinear dynamics nor constraints
for input limits and collision avoidance in the players’
trajectory optimization. In addition, it ignores the possibility



mlnlmlze “+ g(ug.+—
sl 2(7, j)eD Zt 0 ft (AD)=14 (A1 g(uo.r-1)
subject to 77t+1 = A" nt + Bhuy, ng = g, o 4 (18)
q = (B} ) qt+1 Q' M'n, ¢, = —Q"'M'n;, f§+1 Ey ft tqt+1a 50 g,
S enep i 2oret 168 = &l 1 a2 < 8 VE€ 0,7 =1, i € [1,d), (i.j) €
.4 . ¢ APPENDIX
S S .
é ) é . Proof of Proposition []|
3 3 Given y € R™ and t € [0, 7], let
g —4 > 4 ,llzjt(yﬂlu’tﬂ'?Et:T)
—4 0 4 —4 0 4 =3B [% ||5’3§ - Mz L||QF |z = y} (20)
horizontal position horizontal position T—1 2
P P + 50 (E [Huﬂ e |2 = y} — log det Zj) :
@d=3 o= h £ AFzE + BFuf and uf ~ N by h
where x>, = .+ - and v’ ~ i, 2;). Further-
Fig. 1: The position trajectories of the leader’s rovers, where " la;{“ K Y Y (115, %)
different rover’s trajectories are marked by different colors. ’
V;f(y) = min wt(yv Ht:rs EtIT) (21)

10°
A 107!
|
= 102
| | | I
0 2 4 6 8 10
Time steps ¢
(a) d=3.
10°
R 107t
I
= 02 Proposed input
—— Random input
| | I I
0 2 4 6 8 10
Time step ¢
(b) d = 5.

Fig. 2: The comparison of the convergence of p’ when the
leader obtains its input by solving optimization [I§] versus
sampling uniformly in set U. The solid lines show the median
over 100 simulations, while the boundaries of the colored
areas mark the corresponding first and third quartiles.

of deceptive actions of the follower. In future work, we
plan to address these limitations and develop information-
gathering strategies in general Bayesian games.

Htir—1,5¢:r—1

for all ¢ € [0,7]. Then one can verify that the optimal
value of optlmlzatlon @ is V(zf). In add1t10n we can show
that V; (y) = Sy TQFy — (@ MY ak, ) + [ M7t 2 e,
V-(y) is a quadratic function of y. Suppose that Vi1 (y) is
a quadratic function of y, i.e., there exists Py, ; € R" ",
¢i+1 € R¥, and v}, € R, such that

Vir1(y) = %yTPtF-Hy + G 1, y) + Vi (22)

Then 2I) and the principle of dynamic programming to-
gether imply that

Vi(y)
= min E [2 [ HRF + Vig1 (AT2f + BFul + wi)|of = y}

lhzt

+ 3y - meHQF — 2 logdet 3,
(23)
where uy|z] ~ N (e, X;). Observe that
2
B[|uf || 5 l2F = 9]
= g B o+ Bltr((ug — pe) (ug — pe) " RO |2y = ]
= u] RF iy + tr(Z,RF).
(24)

In addition, by using (22) we can show that
E[Vie1 (A%f + B uy + wyp)lay = y]
= 3(A%y + B ) " P (ATy + B )
+E[(A"2) + BFMt)TPt-i-lB (ug — pe)|zg = y]
+ 5 B((B7 (4§ — )" Py B (ue — )| =

1

+ (a1, Ay + B ) + E[tr(wt (wg) " Pe1)] + Vi
= 3(A%y + BFMt)TPtF-&-l(A Y+ B ) + 5 tr(Q Py
+ 5 tr(Se(BY) TPy BY) + (gi11, ATy + BT ) + VtF—EiS)

F
t

/\



Substituting (23) and (24) into 23) gives

Vi(y)
=3y (QF + (A) TP ATy + (AT gl | — Q" MFay,y)
+ 5ud (BT + (BY)TPE L B )y + 5 () T (MF)TQF MFay

1
+((BY) gy + (B) TP ATy, ) — 3 log det 3,

+ 2 tr(SRF + QFPyy + (BY) T PE 4y BY)) 4+ v 4. 6
By setting the derivative of V;(y) with respect to u; and ¥,
to zero, we obtain (6). By substituting (6) into (26), we can
show that V;(y) = 3y Pfy + (¢} ,y) + v, where Q} and
q; satisty (3).

Next, let K, = -—%(B")'PL A" and b =
—%(B")"q ;. Then (6) implies that u}|2} ~ N (K,z} +
b, X¢). Since xf = Zf, by using the results in [35, p. 91]
we can show the following:

KoAo

x3 ~ N &o Ao
U,EI Kogo + bo ’ Aof((;r 20 + K(;I—AoKQ ’

Therefore =, = A"z} + B uj +w; ~ N (&1,A1), where &;
and X satisfy (7). By repeating similar steps for ¢ € [2, 7]
we can show that (7) holds for all ¢ € [0,7 — 1], which
completes the proof.
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